For many-electron atoms, spherically averaged electron-electron coalescence h 0 (R) and counterbalance d 0 (u) functions are studied which, respectively, represent the probability densities that any electron pairs with zero interelectronic distance are located at a radius R from the nucleus and that any electron pairs with zero center-of-mass radius have a relative distance u. For the exact and Hartree-Fock ͑HF͒ wave functions, cusp relations h 0 Ј(0)/h 0 (0)ϭϪ4Z and d 0 Ј(0)/d 0 (0) ϭϪ2Z are derived theoretically, where the prime denotes the first derivative and Z is nuclear charge. At the Hartree-Fock limit level, both functions h 0 (R) and d 0 (u) are found to be monotonically decreasing with a single maximum at Rϭ0 or uϭ0 for all the 102 atoms He through Lr. The long-range asymptotic behavior of the coalescence and counterbalance functions is governed in general by the orbital energy of the highest occupied atomic orbital.
I. INTRODUCTION AND DEFINITIONS
The motion of two particles in space is specified by the relative and center-of-mass coordinates. For an N-electron system (Nу2), the probability density that any electron pairs have a relative vector u and a center-of-mass vector R is given by
where ␦(x) is the three-dimensional Dirac delta function and the angular brackets ͗ ͘ stand for the expectation value over the wave function ⌿(x 1 ,...,x N ) with x i ϵ(r i , i ) being the combined position-spin coordinates of the electron i. If we are interested in the relative motion of electron pairs, the integration of Eq. ͑1͒ over R yields the intracule ͑relative motion͒ density [1] [2] [3] I͑u͒ϭ ͵ dR⌫͑u,R͒, ͑2a͒ whose spherical average is
where (u,⍀ u ) is the polar coordinates of the vector u. The intracule densities I(u) and h(u) have been used in several physical and chemical contexts particularly in relation to the electron correlation problem ͑see Refs. 2-7 and the references therein͒. If we are concerned with the center-of-mass motion of electron pairs, on the other hand, the integration of Eq. ͑1͒ over u gives the extracule ͑center-of-mass motion͒ density [1] [2] [3] E͑R͒ϭ ͵ du⌫͑u,R͒, ͑3a͒ whose spherical average is
where (R,⍀ R ) is the polar coordinates of the vector R. The extracule densities E(R) and d(R) were used to study the shell structure in some atoms and bonding characteristics in simple molecules ͑see Refs. 2, 3, 8-11 and the references therein͒.
A special value I(0)ϭh(0) of the intracule densities is known [12] [13] [14] [15] [16] as the electron-electron coalescence density, which is the probability density of finding any two electrons i and j precisely at the same position in three-dimensional space or r i ϭr j . The coalescence density appears in the evaluation of the relativistic 17 and radiative 18 corrections for atoms and molecules. The coalescence or Fermi hole ͑i.e., zero probability density͒ exists for two electrons with the same spin. Correspondingly, a special value E(0)ϭd(0) of the extracule densities is known 15, 16, 19 as the electronelectron counterbalance density, which represents the probability density of finding any two electrons i and j exactly at the opposite positions with respect to the coordinate origin ͑i.e., the nucleus in atoms͒ or r i ϭϪr j in three-dimensional space. In the Hartree-Fock theory, the presence of electronelectron counterbalance holes is known 20 between two electrons in spin-orbitals with the same spin and the same spatial inversion symmetry.
In the present paper, we study the mathematical structure and properties of electron-electron coalescence I 0 (R) and a͒ counterbalance E 0 (u) functions, as well as their spherical averages h 0 (R) and d 0 (u), which appear as two particular cases of the electron-pair density ⌫(u,R) given by Eq. ͑1͒
The coalescence functions I 0 (R) and h 0 (R) describe the spatial distribution of electron pairs with zero relative vector ͑or distance͒ as a function of the center-of-mass vector R or its radius R. By definitions, we have
which implies that the coalescence functions detail out the spatial origin of the electron-electron coalescence density I(0)ϭh(0). The coalescence function I 0 (R) has been used [21] [22] [23] [24] in the analysis of some density functional approximations. Analogously, the counterbalance functions E 0 (u) and d 0 (u) represent the distribution of electron pairs with zero center-of-mass vector ͑or radius͒ as a function of the relative vector u or its magnitude u. We immediately find
and that the counterbalance functions clarify the spatial origin of the electron-electron counterbalance density E(0) ϭd(0). In the next section, we examine the mathematical structure of the coalescence and counterbalance functions for atoms mainly in the Hartree-Fock theory. It will be found that these functions satisfy cusp conditions at Rϭ0 or u ϭ0 characterized by nuclear charge Z. The long-range asymptotic behavior of the functions, on the other hand, is governed by the orbital energy of the highest occupied orbital. In Sec. III, the numerical results are presented and discussed for the 102 atoms from He (Zϭ2) to Lr (Z ϭ103) based on the numerical Hartree-Fock calculations. Hartree atomic units are used throughout.
II. MATHEMATICAL STRUCTURE OF COALESCENCE AND COUNTERBALANCE FUNCTIONS

A. Electron-electron coalescence function
The electron-electron coalescence function I 0 (R), defined by Eq. ͑4a͒, is explicitly written as
For a small value of r i ϭ͉r i ͉, Bingel showed 25 that Kato's cusp condition, 26 due to the electron-nucleus Coulomb singularity in the Schrödinger equation, implies
where the spin variables have been suppressed. Combining Eq. ͑9͒ for iϭ1 and iϭ2 and putting r 1 ϭϮr 2 ϭr, we have ⌿͑r,Ϯr,r 3 ,...,r N ͒ϭ⌿͑ 0,0,r 3 ,...,r N ͒͑ 1Ϫ2Zr͒
Substituting Eq. ͑9c͒ with the plus sign into Eq. ͑8b͒ and taking the spherical average of Eq. ͑8b͒, we obtain
Thus the exact electron-electron coalescence function h 0 (R) satisfies a cusp relation
where the prime means the first derivative. The right-handside of Eq. ͑10c͒ is precisely twice the value of the electronnucleus cusp constant (Ϫ2Z) known [25] [26] [27] for the singleelectron density (r). For a single determinant wave function composed of a set of orthonormal spin-orbitals i (r) i (), the Condon-Slater rules ͑see, e.g., Ref. 28͒ rearrange Eq. ͑8a͒ as
where ␦ s (i, j) is unity if the spin-orbitals i and j have the same spin and is zero if they have the opposite spins. Namely, the coalescence function I 0 (R) is the sum of products of two orbital densities ͉ i (r)͉ 2 and ͉ j (r)͉ 2 . Moreover, two electrons in spin-orbitals with parallel spins do not contribute to the coalescence function.
For atomic systems, we can generally assume that the single-electron spatial function i (r) is expressed by a product of the radial R nl (r) and spherical harmonic Y lm (⍀ r ) functions, where n, l, and m denote the principal, azimuthal, and magnetic quantum numbers, respectively. Then the spherical average h 0 (R) of the coalescence function is obtained as
in which a k (lm;lЈmЈ) is the Condon-Shortley parameter. 29 Some explicit values of 4A i j can be found in Ref. 16 . For a small value of r, the radial function R nl (r) is expanded 30 as
where c nl is a nonzero real constant. We then obtain
Therefore, we find that the leading contribution to the coalescence function h 0 (R) for a small R comes from combinations of s-type orbitals and
where
in which ␦ i j is the Kronecker's delta. From Eq. ͑14a͒, we immediately find that the Hartree-Fock coalescence function h 0 (R) also satisfies the cusp relation given by Eq. ͑10c͒. For a large value of r, the radial function R nl (r) has 31-33 an asymptotic decay
in general, where h is the orbital energy of the highest occupied atomic orbital. An exception is
when only s orbitals are occupied. As long as the groundstate neutral atoms are concerned, we thus obtain the longrange asymptotic behavior of h 0 (R) as
B. Electron-electron counterbalance function
From Eqs. ͑1͒ and ͑5a͒, the electron-electron counterbalance function E 0 (u) reads
If we apply Eq. ͑9c͒ with the minus sign to Eq. ͑16b͒ and take the spherical average of Eq. ͑16b͒, we then obtain
where the constant C is defined by Eq. ͑10b͒. From Eq. ͑17a͒, a cusp relation
follows immediately for the exact electron-electron counterbalance function d 0 (u). Further, comparison of Eqs. ͑10a͒ and ͑17a͒ gives
corresponding to the probability density that any two electrons are coalescent at the nuclear position. For single determinant wave functions, Eq. ͑16a͒ is rewritten as
If the orbital i (r) has spatial inversion symmetry i (Ϫr) ϭ(Ϫ1) i i (r) specified by an index i , Eq. ͑19a͒ is simplified to
Apart from the factor (Ϫ1) i ϩ j , Eq. ͑19b͒ for the counterbalance function is analogous to Eq. ͑11͒ for the coalescence function, and E 0 (u) is also the sum of products of orbital densities ͉ i (u/2)͉ 2 and ͉ j (u/2)͉ 2 . We note that two electrons in spin-orbitals with the same spin and the same inversion symmetry give no contribution to the counterbalance function.
For atomic system with i (r)ϭR n i l i (r)Y l i m i (⍀ r ), the azimuthal quantum number l i plays a role of the inversion symmetry index i , and the spherically averaged counterbalance function d 0 (u) is obtained to be
where A i j is defined by Eq. ͑12b͒.
Exactly the same discussion as the coalescence function h 0 (R) applies to the small-u behavior of the Hartree-Fock d 0 (u), leading to the short-range expansion of the electronelectron counterbalance function:
where the constant C HF is given by Eq. ͑14b͒. We, therefore, find that the cusp condition given by Eq. ͑17b͒ also holds for the Hartree-Fock counterbalance function. Equation ͑18͒ is also valid provided that the constant C is replaced with C HF . For the long-range asymptotic behavior of the counterbalance function d 0 (u), we obtain d 0 ͑ u ͒Ϸ ͭ exp͓Ϫ͑ͱϪ2 1s ϩͱϪ2 2s ͒u͔, for the Li atom exp͑Ϫ2ͱϪ2 h u ͒, otherwise .
͑22͒
C. Approximate isomorphism
The relative and center-of-mass motions of two particles are completely independent. For an atomic system, however, comparison of the Hartree-Fock expressions for h 0 (R) and d 0 (u), Eqs. ͑12a͒ and ͑20͒, suggests an approximate isomorphism
between the coalescence and counterbalance functions, provided that the contributions of spin-orbital pairs with the same spin and l i ϩl j ϭodd are small. The equality in Eq. ͑23͒ is rigorous for Rϭ0 as shown by Eq. ͑18͒. All the cusp relations ͓Eqs. ͑10c͒ and ͑17b͔͒, short-range expansions ͓Eqs. ͑10a͒, ͑14a͒, ͑17a͒, and ͑21a͔͒, and long-range behaviors ͓Eqs. ͑15c͒ and ͑22͔͒ of h 0 (R) and d 0 (u) are consistent with the relation ͑23͒. When Eq. ͑23͒ is combined with Eqs. ͑6͒ and ͑7͒, we have
which was reported previously. 15, 16 If we introduce coalescence ͗R n ͘ and counterbalance ͗u n ͘ moments defined by
then Eqs. ͑23͒ and ͑24͒ suggest an approximate proportionality relation ͗u n ͘Х2 n ͗R n ͘, ͑26͒ between the two sets of moments.
III. NUMERICAL RESULTS FOR ATOMS HE THROUGH LR
Using Eqs. ͑12a͒ and ͑20͒, we have calculated the accurate Hartree-Fock values of the electron-electron coalescence h 0 (R) and counterbalance d 0 (u) functions, as well as the associated moments ͗R n ͘ and ͗u n ͘, for the 102 neutral atoms from He (Zϭ2) to Lr (Zϭ103). For all the atoms, the experimental ground electronic configurations and LS terms 34, 35 were considered. The Hartree-Fock radial func-tions R nl (r) were generated by the numerical Hartree-Fock method 36, 37 based on the MCHF72 program. 38 The discretization of the radial variable r was performed by r i ϭexp͓x min ϩ(iϪ1)h͔/Z (iϭ1,2,...,N p ), where x min ϭϪ6, hϭ3/100, and N p ϭ2 9 ϭ512. The moments were computed by numerical integrations.
Examination of the electron-electron coalescence functions h 0 (R) for the 102 atoms shows that all the functions are monotonically decreasing with increasing R; the coalescent electron pairs are most likely at the nuclear position. The result is mainly due to the predominant contribution of the innermost 1s orbital, as expected from Eq. ͑12a͒. Moreover, the coalescence function h 0 (R) is more condensed around the nucleus as the nuclear charge Z increases. The cusp relation, Eq. ͑10c͒, is precisely fulfilled, since the numerical Hartree-Fock procedure 37, 38 imposes Eq. ͑13a͒ in the construction of atomic radial functions R nl (r). Exactly the same is true for the counterbalance functions d 0 (u) of the 102 atoms; d 0 (u) is a unimodal function with a maximum at uϭ0 and satisfies the cusp relation ͑17b͒. An example of the functions h 0 (R) and d 0 (u) is given in Fig. 1 for the Te atom (Zϭ52) which lies approximately at the center of the 102 atoms examined. Figure 1 also exemplifies the approximate isomorphism h 0 (R)Хd 0 (2R) between the coalescence and counterbalance functions observed in all the atoms. In particular, the equality is rigorous for the first three atoms He, Li, and Be, where only s orbitals are occupied.
The peak value h 0 (0)ϭd 0 (0) of the coalescence and counterbalance functions corresponds to the probability density for the electron-electron-nucleus coalescence. Figure 2 plots h 0 (0) as a function of Z. If we consider two electrons in an unscreened hydrogenic 1s orbital with nuclear charge Z, the h 0 (0) value is found from Eq. ͑12a͒ to be proportional to Z 6 . On the other hand, our regression analysis of the data in Fig. 2 gives h 0 (0)Х0.064 22Z 6.164 with a correlation coefficient 1.0000. The result again supports the significance of two electrons in the 1s orbital for the electron-electron coalescence and counterbalance functions.
The first moment ͗R͘ of the coalescence function h 0 (R) represents the average radius of coalescent electron pairs from the nucleus. As shown in Fig. 3 , the average radius ͗R͘ decreases monotonically with increasing Z or nuclear attraction; it is maximum ͑0.424 bohrs͒ at Zϭ2 and minimum ͑0.024 bohrs͒ at Zϭ103. The hydrogenic 1s model predicts that ͗R͘ is proportional to Z Ϫ1 . However, a regression analysis yields ͗R͘Х0.4747Z Ϫ0.6514 with a correlation coefficient 0.9965, and the contributions of coalescent electron pairs other than the 1s electrons are not negligible. The corresponding moment ͗u͘ of the counterbalance function d 0 (u) represents the average interelectronic distance of counterbalanced electrons. Figure 3 shows that as Z increases, the average distance ͗u͘ decreases monotonically with the maximum 0.849 bohrs at Zϭ2 and the minimum 0.061 bohrs at Zϭ103. The increased nuclear binding reduces the relative distance of the counterbalanced electrons.
As in the case of ͗R͘, the hydrogenic 1s model predicts Z Ϫ1 dependence for ͗u͘, but our regression analysis results in ͗u͘Х1.003Z Ϫ0.6088 with a correlation coefficient 0.9980. We have also examined the ratio ͗u͘/͗R͘ between the two average distances. The ratio is 2 precisely for the first three at-oms, but is always greater than 2 for the remaining 99 atoms. The average over the 102 atoms is 2.48, and the approximate proportionality relation, Eq. ͑26͒, is not very accurate.
IV. SUMMARY
Mathematical structure of the spherically averaged electron-electron coalescence h 0 (R) and counterbalance d 0 (u) functions has been studied for many-electron atoms. In both the exact and Hartree-Fock frameworks, the shortrange behaviors of the functions h 0 (R) and d 0 (u) have been clarified. In particular, the cusp relations h 0 Ј(0)/h 0 (0) ϭϪ4Z and d 0 Ј(0)/d 0 (0)ϭϪ2Z have been derived theoretically. An approximate isomorphic relation h 0 (R)Хd 0 (2R) has also been obtained. Numerical examination of the 102 neutral atoms from He to Lr has shown that both the coalescence h 0 (R) and counterbalance d 0 (u) functions are monotonically decreasing with a single maximum at Rϭ0 or u ϭ0 for all the cases, due to the predominant contribution of the innermost 1s electrons. The Z-dependence of the electron-electron-nucleus coalescence density h 0 (0) ϭd 0 (0), the average radius ͗R͘ of the coalescent electrons, and the average interelectronic distance ͗u͘ of the counterbalanced electrons has also been discussed. 
